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CHAPTER 1. PROOFS, SETS, AND FUNCTIONS

1.1 Proofs

1.

. In the notation of the hint, T = =2

Suppose V6 € Q (= the rationals). Then 3 m and n in N such that
VB =" and - is in lowest terms. Hence, 6n? = m?. Since 2 divides

n
- 6m?, 2 divides m?. Since 2 is a prime, 2 divides m. Thus, 3k € N such

that m = 2k, and so 6n2 = 4k? or 3n? = 2k>. As above, 2 divides 37;;.
Since 2 does not divide 3 and 2 is a prime, 2 divides n. Therefore, -

is not in lowest terms, a contradiction; so v6 ¢ Q.

Let p be a pnme and suppose /P € Q. Then 3 m and n in N such
that \/p = — and —"2 is in lowest terms. Hence, pn? = m2. Since pis a

prime, as in Exerc1se 1, p divides m. Thus 3 k € N such that m = pk,
and so pn? = p?k? or n? = pk?. As above, p divides n and so m/n is
not in lowest terms, a contradiction. Therefore, /7 ¢ Q.

Fa=b=0,thena?+4 =0+0=0.Ifa #0, then a® + % > a® > 0.
The case b # 0 is satisfied by symmetry.

If a = 0, then ab = 0(b) = 0 and symmetry takes care of b=0.Ifa # 0
and b # 0 (it may be worth pointing out that this is the negation of
a=0orb=0), then -E and % are real numbers and (ab) (-2-%) =1.
Thus, ab # 0.

Ifa < 0and —a <0, then 0 = —a +a < 0, a contradiction.

1
Ifa.>Oa.nd;$0, then1=a.-§ < a-0=0, a contradiction.

1 1
Suppose a® = a.If a # 0, then -€ Randa = E-a2 = %-a = 1. (It may
not be evident to some students that this completes the argument.)
Alternatively, a®> = a = a® —a = 0 = a(a — 1) = 0. By Exercise 4,
eithera=0ora—1=0,and soeithera=0o0ra=1.

o 3
z; Tk
=1 _ Nk z5. (We are

n n
of course assuming that any nonempty ﬁmte set of real numbers has
a maximum. See Exercise 2.2.8.)



1.2. SETS

1.2 Sets

1

For the second equality in part 6, let z € AN(BUC). Then z € A and
z € BUC. Soeitherz€ Aand z € Borz € A and = € C. Therefore,
z € (ANB)U(ANC) and so AN(BUC) C (ANB)U(ANC). For the
other containment, let z € (ANB)U(ANC). So either z€ AN B or
g€ ANC. fz € ANB, thenz € Aand z € B implying that z € A
andz€ BUCsince BCBUCbypart3. fz€ ANC,thenze A
and z € C implying that z € A and x € CUB = BUC by parts 3
and 4. In either case z € AN(BUC).

For the second equality in part 7, first note that AN B C B. So if
A= ANB, then A C B. Next suppose A C B. Since ANB C A, we
have to show that A C ANB. If z € A, since A C B, z € B. Hence,

xe AN B.

' 'To show the second equality in part 2, let z € A\ (BUC). Thenz € A

andz ¢ BUC. SozcAandz ¢ Bandx ¢ C. Nowz € A and
r¢ Bimpliessz € A\Bwhilex € Aand z ¢ C impliesz € A\ C.
Hence z € (A\ B)N(A\ C). For the other containment, reverse the
above steps.

Let £ € X \pesAc- Thenz € X and ¢ s 4a-SoTap € 1
such that = ¢ A,,. Then £ € X \ Ay and s0 2 € Jpe (X \ 4a). To
show the other containment, let € J,¢;(X \ Aa). ThenJ ap € T
withz € X\ Agy. Soz € X and £ € Any- Soz € X and 7 € ()7 Ao
Therefore, z € X \ [ ¢r Aa-

Ifze (AUB)\(ANB),then z € AUB and z ¢ AN B. Thus, either
z€Aandz ¢ Borz € Bandx ¢ A4, and so either z € A\ B or
z € B\ A. Therefore, z € (A\ B) U(B\ A). Reverse these steps for

the other containment.

Ifre€ B\(B\A),thenzeBandz ¢ B\ A Ifz ¢ A, thenz € B\ A
Therefore £ € A. Thus, B\ (B\ A) CA. Iz € A thenz ¢ B\ 4.
Since AC B,z € B. So,z € B\ (B\ 4).

Since A C B and B\ A C B, AU(B\ A) C B. Toshow B C AU(B\ A),
let € B. Eitherz € Aorz ¢ A. So eitherz € Aor z € B\ A.

Let A={1},B={1,2},C={13}.
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8. By drawing these sets it should be clear that U 4n = (1,00).

neN
N A, =0forifze Anp,thenz>nVneN
neN neN
9. A picture easily indicates that | 4n = [0,1]. N Ar = {0} for if

neN n€N 1
z > 0, by the Archimedean Principle, 3 no in N with P < z and

hence = & An,-

10. For the first equality

z € Xﬂ(UAa)ﬁxeXandzE UAa
acl ael

z€ X and £ € Ay, for some ap € I
z€ X N Aq, for someap € 1
ze | J(XN4a).

acl

To show X U (Naer Ae) € Naer(X U da), et z€ XU (Naer Aa)- So
cither z € X or 7 € pesAa- Iz € X, then 7 € X U Ao Va € L
If:ceﬂaezAa,thenxeAaVa~eIandsoxeXUAaVaeI.In

either case, T € [Noer(X U 4a)-

For the reverse containment, let = € [oe/(X U A4q). Soz € XU
Ag Vo € I. We may assume z ¢ X (for otherwise we have the desired
containment). Then z € Ax Va € I and so

z € Naer Aa € X U (Naer Ae)-

11. Let (z,y) € Ax(BUC). Thenz € Aand y € BUC. So eithery € B
oryeC.Hz € Aandy € B, then (z,y) € Ax B while if z € A and
y € C, then (z,y) € A x C. Therefore, (z,y) € (Ax B)U(AxC).

For the other containment, let (z,y) € (Ax B)U(AxC). K (z,y) €
AxB,thenzec Aandye BC BUC. Similarly, if (z,y) € Ax C,
then z.€ A andy € C C BUC. Thus (z,y) € A x (BUC).

¢t ¢

1.3 Functions

1. Ify € f(AUB), then y = f(z) for some z € AUB.If z € A, then
f(z) € f(A) while if z € B, then f(z) € f(B). Thus, y = f(z) €
Ff(A)U f(B) and so f(AUB) C F(AYU f(B).




